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Abstract. This paper explores the similarities and differences between two prominent problems in
the mathematics of Boolean functions. The first of these problems is that of Boolean curve fitting
(BCF), also known as Boolean interpolation, which deals with constructing a curve z = f(X)
through a number of points z, = f(X;) where k = 1,2, ..., m. The second problem is the Inverse
Problem of Boolean equations (IPBE), which constructs a Boolean function whose zeroes are all
known. While the problem of Boolean curve fitting might require a consistency condition for its
solution, the Inverse Problem of Boolean equations might use a consistency condition as an input.
Without a consistency condition, the Inverse Problem of Boolean equations can be viewed as a
special case of the problem of Boolean curve fitting, provided the specified points z;, are the only
zeros of f(X). Our findings are illustrated via a detailed typical example.
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1. Introduction

The problem of Boolean curve fitting (BCF),
also known as Boolean interpolation, remained
a pure mathematical curiosity with no view of
practical applications for almost one century.
Most notable among the early contributions to
this problem are those due to Stamm ™,
McKinsey 3 Ellis I* 3 and Scognamiglio
] Such contributions culminated in the
classical treatise by Rudeanu [ in 1974. A
sequel paper by Melter and Rudeanu ® in
1984 specialized the results in ) for Boolean
functions that are linear in the sense of
Lowenheim Boolean curve fitting
witnessed a recent revival % as it finally
found a useful engineering application in the
area of cryptography 2.

The two problems are seemingly
identical. So, exposing the subtle differences
between them is of interest. Our comparison is
a part of an ongoing effort "% to transfer
these two problems from the domain of pure
mathematics to the reach of engineers and
problem solvers. The solutions of the two
problems are being converted from declarative
specifications (mathematical approach) to
constructive procedures (engineering
approach).

The work of Rushdi and Albarakati ™ is
related to Boolean interpolation, essentially as
a special case, since it deals with the Inverse
Problem of Boolean equations (IPBE), in
which a Boolean function f(X) is required to
have the same value of O (or 1) at (and only at)
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several distinct points X = X;.. However, the
techniques used in ™! are not derived from or
based on concepts of Boolean interpolation.

The organization of the remainder of this
paper is as follows. Sections 2 and 3 review the
available results on the BCF and the IPBE,
respectively.  Section 4  presents the
mathematical relation between the BCF and the
IPBE, and explains the deep similarities and
subtle differences between them. Section 5
supports and clarifies the findings of Section 4
via a demonstrative example. Section 6
concludes the paper.

2. On Boolean Curve Fitting

In this section, we reproduce from
Rudeanu ' and Rushdi and Balamesh ™% the
main results known on Boolean curve fitting.
The problem at hand requires the
determination of a Boolean curve whose graph
passes through m given points
(X4,21), (X5, 25), ..., Xon» ) Of the Boolean
space B™ x B = B™*1 where

Xy = [Xe1, Xz o Xin]| €B™ k=1,2,..,m
andz, €B, k=1,2,..,m.

This is equivalent to finding an interpolating
Boolean function f: B™ — B such that

f(xk) = Zk, k = 1,2, e, m (1)

The solution for the desired interpolating
function £(X) is ["

<\m/ ZkX‘k‘> V pa Z\I@

k=1

ro=\/

Ae{0,1}"

x4 O]

where A = [ay, ay, ..., a,]7, pa is a parameter
that belongs to the underlying Boolean algebra
B and XA is the primitive product (minterm)
given by

xA — x(al,az,...,an) — Xflx;z Xzan (3)

where

XL', ifai =1

XiaiZX"O“":{Xi, ifa; =0 @

Equation &2? Is valid subject to the consistency
condition !’

\m/\m/ [(Zk @D z,) /\(Xk,i © Xh,i)

k=1 h=1

=0 (5)

This consistency condition is needed for a
solution to exist. Equation (2) reduces to the
unique solution

reo="\/ (\/ZRXQ>XA ©®)
Ae{0,1}" \k=1

if, and only if 7]
&b =o ™
Ae{0,1}" k=1

3. On the Inverse Problem of Boolean
Equations

The Forward Problem of Boolean
equations (FPBE) is to find the solutions of a
system of Boolean equations typically reduced
to a single equation f(X) =0 (or g(X) = 1)
where f,g:B™ — B, and B is an arbitrary
Boolean algebra. By contrast, the Inverse
Problem of Boolean equations (IPBE) is to
construct the equation f(X) = 0 (or g(X) = 1)
given the consistency condition for its solution
so = 0 together with the complete set of
particular solutions X,k =1,2,...,m such
that f(Xx) =0 (or giXy)=1) for k=
1,2,...,m. Implicit in this definition is that
f(X) # 0 (or, respectively, g(X) # 1) for any
X that does not belong to the set
{X,,X,,...,X,n}. Noting that {f(X) =0} is
implied by {s, =0} and {X=X,k=
1,2,...,m} and nothing else, Rushdi and
Albarakati ** obtained an expression for f(X)
that can be rewritten in the current notation as
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fX) = \/ /m\<\n/(XL @ Xk,i)) XA Vs, (8)
AE{0,1}7 k=1

i=1

Correspondingly, g(X) is given by

gX) = \/ \m/</n\(xl- @X,”-)> XAAS, 9)
A€{0,1}" k=1

i=1

4. The Relation between the BCF and the
IPBE

The problem of Boolean curve fitting is
somewhat similar to the Inverse Problem of
Boolean equations when z, =0 for k=
1,2,..,m. Under these conditions, the
consistency condition (5) reduces to the trivial
identity {0 = 0}, and the interpolating function
(2) reduces to

m

face 0= \/ @a \
A€{0,1}" k=1

(xp) xA (10)

The complemented primtive product in (10)
can be simpified via (3) and (4) to

@ = /\(ai O Xy,i) = \/(ai D Xi:) (11)
i=1 i=1

Therefore, the interpolating function (10)
reduces to

face®=\/ pa f\(\?(ai@xk,i)> XA

Aef0,1)" k=1 \i=1

Actn Z\<V<az D Xi1) ) /\(X Oa)
\/ PA/m\<\/(X D X)) )/\(X Oa)

Ae{0,1}" 1 \i

(12)

On the other hand, the inverse function
recovered via (8), whenever no consistency
condition is required (s, = 0) is given by

n

\xox,) )

Ch (13)

AVeon)e

A€{0,1}" k=1 \i=1

firee(X) = \/ /m\<
k=

Ae{o,1}n

-

The function f(X) obtained in (13) by the
IPBE is exactly the same as the one obtained
by the BCF in (12) except for an extra
multiplicative factor p, that appears in each
cell A€ {0,1}" in (12). While the function
firge(X) in (13) is unique, the function
fecrX) in (12) might have many values
depending on the values of the parameters p,.
One of the possible values of fgcr(X) is
firee (X), obtained under the conditions

(Ve AVesn)

k=1 \i=1 k=1 \i=1

vAE {01}

Or equivalently

/m\ (\n/(ai ® Xk_i)> <p» VAE{OI" (15)

k=1 \i=1

Conditions (14) or (15) are satisfied, in
paricular, if

Pa = 11 VA€ {0'1}11 (16)

Equation (16) means that a sufficient, but no
necessary, condition for fgcp(X) = fipge(X) IS
pA = 1

5. lllustrative Example

Consider the BCF problem of finding an
interpolating Boolean function f:B2, — By,
where B, = FB{a, b}, the free Boolean
algebra with generators a and b, such that it
represents a curve in the Boolean space B3,
that passes through the four points.

k 1 2 3 4
Xi | (ab,ab) (ab) | (b,a) | (avbavbh)
2 0 0 0 0
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It is clear from (5) that the consistency
condition for this BCF problem is the trivial
identity (0 = 0). Figures 1 and 2 demonstrate
the evolution of the variable-entered Karnaugh
map (VEKM) representation for fcr(X)
expressed via (12). Thus, the final parametric

solution can be read from the VEKM in Fig. 2
as 14171

focr (X1, X5) = po(ab v al—’_))?ﬂ?z
vp,(avb)X,X,
Vp(aVvb)X,X; 17)
V ps (ab \% db)Xle

where, with a little twist of notation, we are
using py, p1, P2 and p; to stand for p, € A =
{0,132 = {00,01,10,11} or for pyg, Po1, P10
and p;,. The corresponding IPBE is to find the
equation fX) =f(X,X,) =0, where
f:B% — B, = FB{a, b} such that it has a
consistency condition {0 = 0} and a set of
particular solutions

{(ab,ab),(a,b), (5.a),(avBavb))  (18)

Figure 3 displays the VEKM representation for
firge(X) expressed via (13). Thus, the final
unique solution can be read from the VEKM in
Fig. 3 as 1471

firpe (X1, X,) = (abv a?))?ﬂ?z
v (aVvb)X,X,
Vv (avb)X,X, (19)
v (ab Vv ab)X; X,

Matching the terms in (17) and (19), we can
see that the solution in (19) can be obtained as
a special case of that in (17) under the
conditions (15), namely

(@bvab)<p,, (avb)<p,,
(@avb) <p,,

(abvab) < ps (20)

X,
po(ab v ab) p,(@vbyvab)
(c_z V b) (@avb)
bva) (bVa)
avbvavb) (abvavb)
p.(abvavb) | py(@avbvavb)
avb (d \% b)
X, bva) (bva)
aVvbVab) (ab v ab)
focr(X)
Fig. 1. Initial VKEM representation of the function obtained via the BCF.
X
po(@b v ab) p.(@V b)
X, p2(a VD) ps(ab v ab)
focr(X)
Fig. 2. Final VKEM representation of the function obtained via the BCF.
X1
abvab | avb
X, avb | abvab
firee(X)

Fig. 3. VKEM representation of the function obtained via the IPBE.
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X3
X, C,0ab V Cyyab V Cyzab C31ab V Cyyab
fecr(X)

Fig. 4. VKEM representation with atomic entries of the function obtained via the BCF.

Each of the four parameters p; € Bz =
FB(a,b), 0 < i <3, can be expanded in
terms of the four atoms of B, as "

pi = Cioc_ll_) \ CilC_lb \% Cizal_) \% Ci3ab, (21)
C,€{01},0< i<3

Note that the expansions in (21) involve
4 x 4 = 16 binary coefficients. The entries of
the VEKM in Fig. 2 can now be expressed as

po(ab Vv ab) = Co @b V Cypab
p.(@V b) = Cpab Vv C;,ab Vv Cyzab
p2(a Vv b) = Cy0@b V Cyyab V Cyzab
ps(ab Vv ab) = C3,ab Vv Cs,ab

(22)

We now replace the VEKM of Fig. 2 by the
one of atomic entries in Fig. 4, in which 10
only of the aforementioned binary coefficients
remain. Since each of these coefficients can be
assigned two values independently of the
others, the number of distinct particular
solutions expressed by fgcr(X) in (17) is
210 =1024. This is the number of curves
passing through the four points in the given
Boolean space.

5. Conclusion

This paper explores the relation between
the problem of Boolean curve fitting (BCF)
and the problem of the Inverse Problem (IPBE)
of Boolean equations. Despite the great
similarity between the two problems, there is a
subtle difference between them as the first
might require a consistency condition for its
solution while the second might use such a
condition as input. Without a consistency

condition in either problem, the two problems
yield solutions that differ only via an arbitrary
multiplicative parameter needed in the BCF
problem. The BCF problem might have
conditioned or unconditioned solutions that
might be numerous or unique or it might have
no solutions at all. By contrast, the IPBE is
guaranteed to have a unigue solution that
happens to be one of those produced by the
BCF problem.
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